PhD Qualifying Exam, Algorithms: Spring 2000
Chooseéhreeproblemsrom thefirst easy group,andtwo from the hard group. You should answer FIVE
guestionstotal.
Easy

1. We have a list of air faresbetweenpairsof cities. We wantto find the cheapestvay to getfrom New
York to Los Angeles,andthis mayinvolve takinga numberof flights. Whatalgorithmshouldwe apply,
andsketchpseudacodefor it (theright algorithmto useshouldbe obvious).

2. Whatis the compleity (Big-O) of Quicksortif we implementit in assembljanguage?What if we
implementt in Jasa?

3. Giveadefinitionanddraw a graphto illustrateeachof thefollowing.

* O(f(m)
* O(f(n)
o Q(f(m)

4. Assumewe have alinked list, andn elementsve wish to insertinto this list. We appendo thelist by
traversingit, andattachingnew elementgo theend. Whatis the compleity of building thelist? Canit
bemadebetter?

5. We have 124teamsjn a singleeliminationtournamentTwo teamsplay eachothem eachgame andif
ateamlosesa game they areeliminated.Therearenotiesin ary games.How mary gamesareplayed
to obtainachampion?

6. ProfessoiX developsa new computerwhich operatesn trinary, ratherthanbinary. We have 0, 1, and
2 asdigits, ratherthanjust 0 and1. How mary binary bits will we needto represent 4 digit trinary
number?

7. Heapsareusedin mary algorithmsto improve computationatompleity. Describeanalgorithmwhich
commonlyutilizesaheap givethecompleity, andexplain how the compleity wouldincreasef another
datastructurewasused(for example,anarraywhichis keptsorted).

8. Hashtablesareusedin mary algorithmsto improve computationatompleity. Describean algorithm
which commonly utilizes a hashtable, give the compleity, and explain how the compleity would
increasef thehashtablewasnotused.

9. Give anexampleof a problemfor which dynamicprogrammings appropriateandsketchpseudocode
for theproblem.

Hard

1. Three-coloringa graphinvolves assigninga uniquecolor to eachvertex of a graph,using only Red,
Green,andBlue. A classicreductionis to shav thatif we cansolve satisfiability we canalsosolve
three-coloringDescribebriefly how you would usea satisfiability-solherto performthree-coloringand
giveasmallexample.

2. Supposeg/ou have n uniqueintegers;you could placetheminto a binary searchtreein mary different
ways,makingmary differenttrees.Describea recursve formulationto calculatethe numberof possible
differenttrees,andgive dynamicprogrammingpseudocodé calculatethatnumber
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Figurel: A simplegraph,anda setof possiblevertex covers.

. Somecurrentalgorithmsresearchnvolves randomization. Explain why we might want to introduce
randomizatiorin Quicksort,anddiscusdriefly otheralgorithmswherewe mightfind randomization.

. Supposé_; andL, aretwo languagesandL; C L,. Supposé.; is regularandthe complemenbf L, is
notempty Canyoudeducehatl; is regular? SupposénsteadthatL is recursve but not contet-free
andthe complemenbf L, is notempty Canyoudeducehatl; is recursve?Prove your assertions.

. Definea contect-sensitve grammarandcontet-sensitve languageHow arecontect-sensitve languages
describedusing recognizergTuring machinesautomatagtc)? Whatis the relation betweencontext-
sensitve languagesindrecursie languages?

. If we have agraph,avertex cover for the graphis the setof verticessuchthat at leastone endpointof
every edgeis a memberof the vertex cover (seeFigure1). If we remove all the verticesin the cover
from the graph,no two pointsin the graphwill remainconnectedFindingthe smallestvertex coveris
difficult. Supposeve applythefollowing algorithm.

e SetVC to empty

e While thereareedgesn thegraph

— Selectary edgeatrandom
— Add bothendpointof theedgeinto VC
— Remore all edgeghatconnecto eitherendpoint

What canyou say regardingthe optimality of the algorithm? Is it optimal? Within somefactor of
optimal?



