
PhD Qualifying Exam, Algorithms: Spring 2000
Choosethreeproblemsfrom thefirst easy group,andtwo from thehard group.You shouldanswerFIVE

questionstotal.
Easy

1. We have a list of air faresbetweenpairsof cities. We want to find the cheapestway to get from New
York to Los Angeles,andthismayinvolvetakinga numberof flights. Whatalgorithmshouldweapply,
andsketchpseudocodefor it (theright algorithmto useshouldbeobvious).

2. What is the complexity (Big-O) of Quicksortif we implementit in assemblylanguage?What if we
implementit in Java?

3. Givea definitionanddraw a graphto illustrateeachof thefollowing.
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4. Assumewe have a linked list, andn elementswe wish to insertinto this list. We appendto the list by
traversingit, andattachingnew elementsto theend.Whatis thecomplexity of building thelist? Canit
bemadebetter?

5. We have 124teams,in a singleeliminationtournament.Two teamsplay eachotherin eachgame,andif
a teamlosesa game,they areeliminated.Thereareno tiesin any games.How many gamesareplayed
to obtaina champion?

6. ProfessorX developsa new computerwhich operatesin trinary, ratherthanbinary. We have 0, 1, and
2 asdigits, ratherthanjust 0 and1. How many binary bits will we needto representa 4 digit trinary
number?

7. Heapsareusedin many algorithmsto improvecomputationalcomplexity. Describeanalgorithmwhich
commonlyutilizesaheap,givethecomplexity, andexplainhow thecomplexity wouldincreaseif another
datastructurewasused(for example,anarraywhich is keptsorted).

8. Hashtablesareusedin many algorithmsto improve computationalcomplexity. Describeanalgorithm
which commonlyutilizes a hashtable, give the complexity, and explain how the complexity would
increaseif thehashtablewasnotused.

9. Give anexampleof a problemfor which dynamicprogrammingis appropriate,andsketchpseudocode
for theproblem.

Hard

1. Three-coloringa graphinvolvesassigninga uniquecolor to eachvertex of a graph,using only Red,
Green,andBlue. A classicreductionis to show that if we cansolve satisfiability, we canalsosolve
three-coloring.Describebriefly how youwouldusea satisfiability-solver to performthree-coloring,and
givea smallexample.

2. Supposeyou have n uniqueintegers;you could placetheminto a binarysearchtreein many different
ways,makingmany differenttrees.Describearecursiveformulationto calculatethenumberof possible
differenttrees,andgivedynamicprogrammingpseudocodeto calculatethatnumber.
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Vertex covers:
{v1, v3, v4}, or {v2}.
The optimal cover is {v2}.

A possible vertex cover by
the algorithm: {v1,v2}.  If the
endpoints of edge e1 are
removed, and all incident edges
are also removed, then there
are no remaining edges.
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Figure1: A simplegraph,anda setof possiblevertex covers.

3. Somecurrentalgorithmsresearchinvolvesrandomization.Explain why we might want to introduce
randomizationin Quicksort,anddiscussbriefly otheralgorithmswherewemightfind randomization.

4. SupposeL1 andL2 aretwo languages,andL1 � L2. SupposeL2 is regularandthecomplementof L2 is
not empty. Canyou deducethatL1 is regular?SupposeinsteadthatL2 is recursive but not context-free
andthecomplementof L2 is notempty. Canyou deducethatL1 is recursive?Proveyourassertions.

5. Defineacontext-sensitivegrammarandcontext-sensitivelanguage.How arecontext-sensitivelanguages
describedusingrecognizers(Turing machines,automata,etc)? What is the relationbetweencontext-
sensitive languagesandrecursive languages?

6. If we have a graph,a vertex cover for thegraphis thesetof verticessuchthatat leastoneendpointof
every edgeis a memberof the vertex cover (seeFigure1). If we remove all the verticesin the cover
from thegraph,no two pointsin thegraphwill remainconnected.Findingthesmallestvertex cover is
difficult. Supposeweapplythefollowing algorithm.

� SetVC to empty
� While thereareedgesin thegraph

– Selectany edgeat random
– Add bothendpointsof theedgeinto VC

– Removeall edgesthatconnectto eitherendpoint

What can you say regardingthe optimality of the algorithm? Is it optimal? Within somefactor of
optimal?
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